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Quantum Programming Languages

Gate-based programming:
= Qiskit, Circ, Q#, tket, Intel Quantum SDK

measZAll() {
for ( Index = 0; Index < N; Index++)

MeasZ(QubitReg[Index], CReg[Index]);

Beyond gate-based programming:
* |dentify mathematical abstractions
* Build alanguage that harnesses those abstractions
* Express algorithms naturally and enable new ideas
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Cliffords as automorphisms on the Pauli group

Pauli group (P)
Unitary matrices U satisfying

XxX=1I
VP € P, XXY=iZ
UPUT € P, X X7 = —iY

XxI =X

Projective Clifford group:

Automorphisms on the Pauli group
Pw— P
that fix the center
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Main |dea

FoQaCiA 2024

Clifford unitaries

expressed as functions
on qudit Pauli operators

that satisfy certain properties
(center-fixing automorphism)
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_ [dea:
—Xam p | e — " Clifford unitaries

expressed as functions
on Pauli operators
that satisfy certain properties

case ? of ..

_ (_1)\0
HXH = (-1)"Z break up the input into basis elements

PauliType inX/inz

type of single-qubit Pauli encodings syntax referring to X/Z Paulis
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FoQaCiA 2024

Idea:

Clifford unitaries
expressed as functions
on Pauli operators

that satisfy certain properties

HXH = (—1)°Z
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FoQaCiA 2024

Idea:

Clifford unitaries
expressed as functions
on Pauli operators

that satisfy certain properties

P
inX -> <> 1inZ
inZ -> HZH = (—1)°X
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Example

CNOT (ZQ I CNOT =Z R I
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Example

Q
inX -> CNOT (X Q@ I)CNOT =X Q X

inZ -> <0>(inl inZ)
Q

inX ->

inZ ->
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Example

<0>(inl inX) * <@>(in2 inX)
<0>(inl inZ)

<0>(in2 inX)
<0>(inl inZ) * <@>(in2 inZ)
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Desiderata

1. Functionsimplement Cliffords:

center-fixing automorphisms on the Pauli group
Type-checking

Error:
tClifford (P : ) )
1o e TheinXand inZ
P branches of the
inX -> <@> inX case statement

inZ -> M ShOUld

anticommute.

Type system for ensuring functions are indeed automorphismes.
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Desiderata

2. All Cliffords can be represented
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Desiderata

3. (Qubit) Clifford functions can be compiled to circuits

P

Pauli Tableau/Frame
X 2Z)

inX -> <0>inZ

inZ -> <0>1inX

PCOAST

Aaronson and Gottesman, “Improved simulation of stabilizer circuits,” 2004.
Paykin, Schmitz, et al. PCOAST: A Pauli-based quantum circuit optimization framework. QCE 2023.
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Overview

1. Background on encodings of the Pauli group

2. Projective Cliffords as symplectic functions over Pauli
encodings

3. Typesystem for symplectic functions
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BaCkground: the Pau“ gI’Oup Any two Paulis either commute or

anti-commute

Single-qubit Paulis (p) Pauli group (P)

S IS L B
z=(1 %) 1=(1 9 ;zf;;ﬂ
0 -1 0 1

Symplectic Form

WP QP 1L,

encodes commutativity of Paulis wX,Y)=w(l,Z2) =w(Z,X) =1
P, X P, = (—=1)®(PuP2)p, x P, w(P,P) =0
w(,P) =0
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Sackground: the Pauli algebra

Every member of the Pauli group can Symplectic form

be written as
i" Ay 71
wherer € Z, and x, z € Z, and
Ay 7] = 1 X*Z7

w (T )x1, 21|, (1) %2, 22]) = %12, — 21 %

Let’s write this (r)[x, z].

Example: Example:

“Y” = (0)[1,1] w("X","Y") =w((0)[1,0],(0)[1,1])
=1x1—-0x1=1

sinceY = iXZ = i%1x171.
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Sackground: generalizing the

Generalize to n-qubit Paulis 7,

Po Q -+ Q Pn—1

Algebra:
(r)[x, Z]

— irA[xo,Zo] ® e ® A[xn—lizn—l]
(X0 @ -+ @ X¥n-1)(Z%0 @ - @ Z7n-1)

= i

where r € Z,,
[xo, ...,xn_l] € Z?

2=
2 = [Zo, ---»Zn—l] € Z?

FoQaCiA 2024

Programming Cliffords with Symplectic Types

Pauli algebra

V =vectorsinthe Paulialgebra
encoding over Z,
akaV = I @ 7}

Symplectic Form
w0 VRV -7,

a)([xl, Z1]; [Xz; Zz]) — x_1) . Z_2> - Z_1) . x_2>
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Sackground: generalizing the

Generalize to n-qudit Paulis Py ,,

X|r) =|(r + 1) mod d)
Zlr) = {"|r) where (% = 1.

Algebra:
(r)[x, Z]

1- 5

={" Az = T¢TXTZ*

r € 1/2 Zd'
s d dodd
where 2d d even

.7_5 = [xo, ...,xn_l] € Zg
Z — [Zo, ---:Zn—l] € ZZ'

FoQaCiA 2024 Programming Cliffords with Symplectic Types

Pauli algebra

V =vectorsinthe Paulialgebra
encoding over Z4
akaV = 7" @ 1"

Symplectic Form
W0 VRV > 7,

a)([xl, Z1]; [Xz; Zz]) — x_1) . Z_2> - Z_1) . x_2>
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Theorem V' =vectors in the Pauli algebra encoding
vector spaceoverR' =7Z,,

%Zd, = coefficients of { in the Pauli algebra encoding

The set of projective Cliffords PClél,/d where (/2 is a d’-th root of unity

The set of pairs of functions (6§, ¢) where

Ay = COAL 0

o« ¢:V' - V'isasymplectomorphism---alinearisomorphism that respects the
symplectic form; and

« thefunctionA, » (5(”)A¢(v) is right-definite.

. 5V iz ,is alinear transformation;
> L
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TheOrem V = vectorsin the Paulialgebra

encoding overZg,

akaV =7 DI
The set of projective Cliffords PCl; ,,

~y

Functions over the Pauli algebra where
e w:V —>Zgisan R-linearmap; and
o Y:V - Visasymplectomorphism---alinearisomorphism satisfying

‘U(I/)(PQ»ED(PZ)) = w(Py, Py)

Proof sketch:

Projective Clifford - Encoding (8, ¢) over V'

— Compact encoding (i, Y) overV
— Encoding (6, ¢) over V'
— Projective Clifford

FoQaCiA 2024 Programming Cliffords with Symplectic Types intel@
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. Projective Cliffords PCl; ,,
Desiderata B

Pairs of functions (u, ) where
« u:V - Z,isalineartransformation;and
« Y:V - Visasymplectomorphism.

1. Functions implement Cliffords: automorphisms on the Pauli
group

= Type system for ensuring functions are automorphisms

la. Functions implement (u, y)
= Type system for ensuring properties are respected

2. All Cliffords can be represented
2a. All such functions can be represented
3. All functions can be compiled to circuits
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Projective Cliffords PCl; ,,
Path towards a type system =

Pairs of functions (u, ) where
« u:V - Z,isalineartransformation;and
« Y:V - Visasymplectomorphism.

1. Typesystem for free modules over aring, with biproducts

2. Type system for symplectic morphisms—linear
transformations that respect the symplectic form

3. Type system for Paulis (r)v

FoQaCiA 2024 Programming Cliffords with Symplectic Types intel. 22



Detfining a type system

1. What are typeg? Types: free finitely-generated R-modules
2. What are values of a given Values: vectors in the R-module
type?

|
3. What properties should e alles

well-typed expressions
SatISfy? 155) @ 55 Tup|eS [vl, vz]

Constantsr € R

4. What are the typing rules

_ i D
for wel typed expressions: Expressions: linear transformations

elcy 'V1_‘|‘ Cz * V5] ,
- X:The:T

c1 - elvi] + ¢y - elv,]
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R,
]. Expressions [Fe:T

[ i=X1:Tq, oon, Xt Ty

T=RI|11P1y
e = x|r|[eqe;] Variables, scalars, and vectors
e +eyle ey Operations on scalars and vectors

case e of {iny(x1) = e; | in,(x,) = e,} Vectorcase analysis

relevant type system:
« contraction: variables can be duplicated
* no weakening: variables cannot be discarded

Arrighi & Dowek. Lineal: A linear-algebraic lambda-calculus. LMCS 2017.
Diaz-Caro & Dowek. A new connective in natural deduction, and its application to quantum computing. TCS 2023.
Diaz-Caro & Dowek. A linear linear lambda-calculus. MSCS 2024.
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1. Semantics
x:ThFe:T
operational
semantics ‘
!/ !/
X:ThHFHe:T

equivalence

_ — .
relation x'TI_e_e'T

FoQaCiA 2024

Programming Cliffords with Symplectic Types

C: category of

categorical R-modules

semantics

=

[e]

[e']

=
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Projective Cliffords PCl; ,,
Path towards a type system =

Pairs of functions (u, ) where
« u:V - Z,isalineartransformation;and
« Y:V - Visasymplectomorphism.

1. Typesystem for free modules over aring, with biproducts

2. Type system for symplectic morphisms—linear
transformations that respect the symplectic form

3. Type system for Paulis (r)v
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2. Type system for symplectic morphisms

Types: free finitely-generated R-modules for
which symplectic form is defined

Values: vectors in the R-module

Symplectic Types o

Q=RO®OR Single-qudit vector [x, z]
encoding Ay

o1 D o, Tuples [vq, V5]

Expressions: linear transformations
that respect symplectic form

x:ogF>e:o

FoQaCiA 2024 Programming Cliffords with Symplectic Types

w(e[v.] e[va])

(1)(171, Uz)
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2. Symplectic type system

a1:T1,...,0,: Ty, ;D:OF> €0
\ l

Linear transformation Respect symplectic form

Symplectic | Vector spaces used

Types T (dimension 2n)
R Constantsr € R = Single-qudit vector
RA®R [x,z] encoding 4y ;1
11 @12 Tuples vy, vy] g, @ o, Tupleofn-qudit
vectors

FoQaCiA 2024 Programming Cliffords with Symplectic Types intel. 28



Symplectic Vectorspaces usedin

the Paulialgebra

2. Expressions Chieeton)
= Single-qudit vector [z,x]
R®R encoding A, 4
g, D o, Tuple of n-qudit vectors
e = x|r|[eqe;] Variables, scalars, and vectors
e +eyle ey Operations on scalars and vectors

case e of {iny(x1) = e1 | in,(x;) = ey} Vector case analysis

* wy(eq,e) Symplectic form

Fll_el:O- le_ez:o-
UL, Fwg(eq,e) : R

CUQ([TL 11l 2, m2]) — Ty — 1Ty

Wo @0, (V1 V1], [V2,2]) = wg (v1,12) + w4, (V1, V3)
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Symplectic Vectorspaces usedin

the Paulialgebra

2. Expressions (dimension 2n)
= Single-qudit vector [z,x]
R@®R encoding Ap, 4
g, D o, Tuple of n-qudit vectors
e = x|r|[eqe;] Variables, scalars, and vectors
e +eyle ey Operations on scalars and vectors
* caseeof{ing, = es | in, — e,} Pauli case analysis
case e of {in,(x;) = ey | in,(x,) » e,}  Vectorcase analysis in, = [1;0]
wy(eq,€e7) Symplectic form inx = [0,1]

[F;Al—se:Q]F’;A’ Foeio A R eio wy(ey,e,) =1
FT'UTl;A A" 5 caseeof{ingy 2 e, | ing > e, }:io

FoQaCiA 2024 Programming Cliffords with Symplectic Types intel. 30



Symplectic Vectorspaces usedin
_ types o the Paulialgebra
2. Expressions Chieeton)

Q= Single-qudit vector [z,x]
R®R encoding A, 4
h (P : QType) : QType = o, D oy Tuple of n-qudit vectors

P

inX -> 1inZ

inZ -> inX

w(ing iny) = w([0,1],[1,0]) =0—-1 =1 (mod 2)

A e:Q T A Feo THhHAN R eo0 wy(e,e,) =1
FTUT’; A A 5 caseeof{ingy > e, | iny > e, }:0o
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Symplectic Vectorspaces usedin
_ types o the Paulialgebra
2. Expressions Chieeton)

Q= Single-qudit vector [z,x]
R®R encoding A, 4
notSymplectic(x : QType) : QType = o, @ o, Tuple of n-qudit vectors

X

inX -> inZ

inZ -> inZ

w(ing in,) = w([0,1],[0,1])) =0—-0 # 1

A e:Q T A Feo THhHAN R eo0 wy(e,e,) =1
FTUT’; A A 5 caseeof{ingy > e, | iny > e, }:0o
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Symplectic Vectorspaces usedin

the Paulialgebra

2. Expressions Eherston D)
= Single-qudit vector [z,x]
R@R encoding Ap, 4
g, D o, Tuple of n-qudit vectors
e = x|r|[eqe;] Variables, scalars, and vectors
e +eyle ey Operations on scalars and vectors
case e of {iny, = e | in, — e,} Pauli case analysis

case e of {in;(x1) = e; | iny(x,) = e,}  Vectorcase analysis

wy(eq,€e7) Symplectic form

A e:o, Do, T;A,x1:00F°eqio T A, x:0,F eyi0 [a)g(el,ez) =0
FTUT; A A 5 caseeof {in(x;) > e, | in,(xy,) 2 e, }:0
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2. Theorem
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Projective Cliffords PCl; ,,
Path towards a type system =

Pairs of functions (u, ) where
« u:V - Z,isalineartransformation;and
« Y:V - Visasymplectomorphism.

1. Typesystem for free modules over aring, with biproducts

2. Type system for symplectic morphisms—linear
transformations that respect the symplectic form

3. Type system for Paulis (r)v
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3. Type system for Pauli algebra

Paulitypes T

Phase(o) Pairs(ryvforr eR,v: o

Functions: (8, ) where
 §:0 = Risalineartransformation;
* ¢:0 - d'isasymplectic morphism

FoQaCiA 2024 Programming Cliffords with Symplectic Types intel® 36



3. Expressions

e te,le; e Operations on scalars and vectors

case e of {ingy = e | in, — e,} Pauli case analysis

* (e)e' | eq X e, Pauli operations

FoQaCiA 2024 Programming Cliffords with Symplectic Types intel. 37



3. Type system for Pauli algebra

e : 0 — Phase(o)

u=l[e]ofirst:c - R

lel:c D R®P o oy P seeond i o

 u:0 — Risalineartransformation;
 Y:0 - ogisasymplectomorphism.

FoQaCiA 2024 Programming Cliffords with Symplectic Types
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.50 what?

* Functions over Paulis as a programming abstraction
* Data structures, recursion, polymorphism
* Interactive feedback on what makes a Clifford
= Quantum algorithms in terms of change-of-basis
= Alternate bases other than inX/inz

* Beyond Cliffords

* The Clifford hierarchy as functions on Paulis?
* Pauli matrices as a basis for Hilbert spaces?

FoQaCiA 2024 Programming Cliffords with Symplectic Types
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Conclusion

* Programming Cliffords as functions over Paulis:

* Clever encodings and typing rules isolate the functions corresponding to
Cliffords

» Operational and denotational semantics show it is sound
* Need examples and implementations to show if itis useful

» Type systems can harness mathematical structures into
programming abstractions
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Beyond Cliffords

Approach #1: Paulis form a basis for a// square complex matrices.

Rot(P,0):C|Q]
—cos[D) 7w isin(2) p
—cos(2>l+lsm(2>

) MeasZ : Q —o ((i[Q]
= I—)Z(I‘l‘Z)Q(I + 7Z) +Z(1 —72)0( —Z)

What properties characterize unitaries, channels, etc?
How would we compile these to circuits?
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Beyond Cliffords: the Clifford Hierarchy

¢! = Pauli group
ck*tl = {U|vP € C1,UPUT € cX}

Intuitively: the (k + 1)-th level of the Clifford hierarchy ~
symplectic function from Paulis to k-th level?

61 — Qn
€k+1 — Qn 5 €k+1
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Beyond Cliffords: the Clifford Hierarchy

(?1 — (211
€k+1 — Qn 5 Ck+1

Q

inX -> <0>[1,1]
inZ -> <1>inZ
inZ -> not Q
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Beyond Cliffords: the Clifford Hierarchy

Challenges:
» Ckisnot, in general, a group. Not even closed under composition.

* The entire Clifford hierarchy # all unitaries

 How does the Clifford hierarchy interact with the Pauli algebra
encoding?
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Example: lift Paulis to Cliffords

pauli to clifford (P :
fun Q =>

<omega(P,Q)> Q. PQP" = (—1)*®?Q@ @

FoQaCiA 2024 Programming Cliffords with Symplectic Types intel® a7



Compilation to circuits

n n
A A

Expressions I—Tf : 'QEBEBQ‘_O ,Q@@Q‘
f (ing .(inz)) f (ing .(inx))
finp-1(ing))  f(ing_y(ing))

§ rconst 1

Circuits ‘ ‘
S

_ . Clifforde with S | ta¥l<m Schmitz, etal. PCOAST: A Pauli-based quantum . | 48
FoQaCiA 2024 rogramming Cliffords with Symplec Circtits Optimization framework. QCE 2023. intel.

Pauli frames/tableaus




	Slide 1: Programming Clifford Unitaries  with Symplectic Types
	Slide 2: Quantum Programming Languages
	Slide 3: Cliffords as automorphisms on the Pauli group
	Slide 4: Main Idea
	Slide 5: Example
	Slide 6: Example
	Slide 7: Example
	Slide 8: Example
	Slide 9: Example
	Slide 10: Example
	Slide 11: Desiderata
	Slide 12: Desiderata
	Slide 13: Desiderata
	Slide 14: Overview
	Slide 15: Background: the Pauli group
	Slide 16: Background: the Pauli algebra
	Slide 17: Background: generalizing the Pauli algebra
	Slide 18: Background: generalizing the Pauli algebra
	Slide 19: Theorem
	Slide 20: Theorem
	Slide 21: Desiderata
	Slide 22: Path towards a type system
	Slide 23: Defining a type system
	Slide 24: 1. Expressions
	Slide 25: 1. Semantics
	Slide 26: Path towards a type system
	Slide 27: 2. Type system for symplectic morphisms
	Slide 28: 2. Symplectic type system
	Slide 29: 2. Expressions
	Slide 30: 2. Expressions
	Slide 31: 2. Expressions
	Slide 32: 2. Expressions
	Slide 33: 2. Expressions
	Slide 34: 2. Theorem
	Slide 35: Path towards a type system
	Slide 36: 3. Type system for Pauli algebra
	Slide 37: 3. Expressions
	Slide 38: 3. Type system for Pauli algebra
	Slide 39: …so what?
	Slide 40: Conclusion
	Slide 41: Programming Clifford Unitaries  with Symplectic Types
	Slide 42: Bonus Slides
	Slide 43: Beyond Cliffords
	Slide 44: Beyond Cliffords: the Clifford Hierarchy
	Slide 45: Beyond Cliffords: the Clifford Hierarchy
	Slide 46: Beyond Cliffords: the Clifford Hierarchy
	Slide 47: Example: lift Paulis to Cliffords
	Slide 48: Compilation to circuits

